
Question #1

Let α ∈ R and β ∈ R be positive. Let S(α, β) be a family of sets in R2 defined as follows:

S(α, β) = {(x, y)| − α ≤ x ≤ α,−β ≤ y ≤ β}

1. Sketch and label the set S(1, 1) in R2.

2. What is
⋃

α>0,β>0

S(α, β)?

3. What is
⋂

α>0,β>0

S(α, β)?

[10 Marks]

Solution:

1. S(α, β) is a rectangle centred at (0, 0) with width 2α and height 2β.
Thus, S(1, 1) is a square of width 2 centered at (0, 0). [3 Marks]

2. The union of all rectangles centred at (0, 0) is R2. [3 Marks]

3. The intersection of all rectangles centred at (0, 0) is {(0, 0)}. [4 Marks]
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Question #3

Show that ((p ∧ q)→ r) and (p→ (q → r)) are logically equivalent.
[10 Marks]

Solution:

p q r p ∧ q ((p ∧ q)→ r) q → r p→ (q → r)
T T T T T T T
T T F T F F F
T F T F T T T
T F F F T T T
F T T F T T T
F T F F T F T
F F T F T T T
F F F F T T T

[10 Marks]
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Question #8

The following functions are defined on R→ R.

• State whether they are one-to-one and whether they are onto.

• Find the best Big-O estimate for each of them.

1. f(x) = x3 + sin(x)− 3

2. g(x) =
1

1 + e−x

[15 Marks]

Solution:

1. f(x) = 2x3 + sin(x)− 3
It is one-to-one. [2 Marks]
It is onto. [2 Marks]
f(x) = O(x3). [3 Marks]

2. g(x) =
1

1 + e−x
It is one-to-one. [2 Marks]
It is not onto. [2 Marks]
g(x) = O(1). [4 Marks]
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